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1 Bases, Involution, and Scalar Product of Symmetric Func-
tions

1.1 Five bases of symmetric functions

Let Λ = lim←−n λn be the ring of symmetric functions. Then Λ ⊆ C[x1, x2, . . . ]; that is
f ∈ Λ =

∑
cαx

α, where α = (α1, α2, . . . ),
∑

α αi <∞, and αi ∈ N.

Example 1.1. e2 = x1x2 + x1x3 + x2x3 + x1x4 + x2x4 + x3x4 + x1x5 + · · · .

Definition 1.1. The monomial symmetric functions are

mλ =

 ∑
σ∈S`

i1<···<i`

x
λσ(1)
i1

x
λσ(2)
i2
· · ·xλσ(`)i`

 /∏̀
i=1

mi(λ)!,

where λ = (λ1, . . . , λ`).

Proposition 1.1. The monomial symmetric functions form a basis for Λ.

Definition 1.2. The elementary symmetric functions are

ek = m(1k) =
∑

i1<···<ik

xi1 · · ·xik ,

eλ = eλ1 · · · eλ` ,

where λ = (λ1, . . . , λ`).

Proposition 1.2. The elementary symmetric functions form a basis for Λ.

Proof. f ∈ Λ is cλx
λ + · · · , when written in lexicographic order.

Theorem 1.1. The elementary symmetric functions are free generators of Λ as a ring;
i.e. they do not satisfy any algebraic equations.
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Definition 1.3. The power symmetric functions are

pk = m(k) = xk1 + xk2 + · · · ,

pλ = pλ1 · · · pλ` ,

where λ = (λ1, . . . , λ`).

Proposition 1.3. The power symmetric functions form a basis for Λ.

Definition 1.4. The complete symmetric functions are

hk =
∑
|λ|=k

mλ =
∑

i1≤i2≤···≤ik

xi1xi2 · · ·xik ,

hλ = hλ1 · · ·hλ` ,

where λ = (λ1, . . . , λ`).

Proposition 1.4. The complete symmetric functions form a basis for Λ.

Definition 1.5. The Schur functions are

sλ =
aλ+ρ
aρ

=
∑

A∈SSYT(λ)

xA,

xA = x
m1(A)
1 x

m2(A)
2 · · · .

Theorem 1.2. The Schur functions form a basis for Λ.

1.2 Involution and scalar product on symmetric functions

Here is a dictionary relating symmetric functions and representation theory of Sn

Symmetric functions Representations of Sn
sλ Sλ

hλ Mλ = indSnSλ1×···×aλ`
1

eλ Mλ ⊗ sgn

This correspondence tells that we should have an involution ω : Λ→ Λ sending eλ 7→ hλ
corresponding to ⊗ sgn.

Theorem 1.3. The involution ω : Λ→ Λ sends sλ 7→ sλ′.

Theorem 1.4. The involution ω : Λ→ Λ sends pλ 7→ ελpλ.

There is a scalar product on Λ that relates to the scalar product on characters of
representations of Sn.
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Definition 1.6. Define a scalar product on Λ by its value on the basis of Schur functions:

〈sλ, sµ〉 = δλ,µ.

If f =
∑
cλsλ and g =

∑
rλsλ, then

〈f, g〉 =
∑
λ

cλrλ.

Proposition 1.5. 〈mλ, hµ〉 = δλ,µ for all λ, µ.

Proof. Write Mµ =
⊕
Kλ,µS

λ. Then hµ =
∑
Kλ,µsλ,µ. We also have sλ =

∑
Kλ,µmµ.

Proposition 1.6. 〈pλ, pµ〉 = zλδλ,µ, where

zλ =
n!

1m1m1!2m2m2! · · ·

is the size of the conjugacy class corresponding to λ in Sn.

Theorem 1.5. sλ =
∑

µ χλ[µ]pµ.
1

So we can talk about characters of the symmetric group by only talking about symmetric
functions.2

1Maybe there is a factor of zλ in here. Professor Pak doesn’t remember.
2Newton studied pµ. That’s how old the idea of symmetric functions is.
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